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Question 1: Single choice question (choose only one item, fill the answer in bracket, 2*15 
score) 

 

1.1 What is the function type of 𝑓: ℤା × ℤା → ℤା, 𝑓(𝑥, 𝑦) = 𝑥𝑦                                  [      ] 

A、 not a surjection but an injection      B、 not an injection but a surjection 

C、 a bijection                                        D、 neither an injection nor a surjection  

1.2 What is the function type of 𝑓: ℤା → {0,1,2}, 𝑓(𝑥) = ቄ
0 if 𝑥 is even
1 if 𝑥 is odd

                     [      ] 

A、 not a surjection but an injection      B、 not an injection but a surjection 

C、 a bijection                                        D、 neither an injection nor a surjection  

1.3 What is the function type of 𝑓: ℤା → ℤ, 𝑓(𝑥) = |𝑥|                                            [      ] 

A、 not a surjection but an injection      B、 not an injection but a surjection 

C、 a bijection                                        D、 neither an injection nor a surjection  

1.4 What is the function type of 𝑓: ℤ → ℤ, 𝑓(𝑥) = 𝑥ଶ − 2𝑥 − 15                                                        [      ]  

A、 not a surjection but an injection      B、 not an injection but a surjection 

C、 a bijection                                        D、 neither an injection nor a surjection  

1.5 Let 𝐴 = {0,1} , let 𝑃(𝐴) be its power set, and let ⊕ be symmetric difference. What is the function 
type of 𝑓: 𝑃(𝐴) × 𝑃(𝐴) → 𝑃(𝐴), 𝑓(𝑥, 𝑦) = 𝑥 ⊕ 𝑦.                                                                  [       ]  

A、 not a surjection but an injection      B、 not an injection but a surjection 

C、 a bijection                                        D、 neither an injection nor a surjection  

1.6 Which identity is wrong                                                                           [      ] 

A、 𝐴 ⊕ 𝐵 = 𝐴 ⊕ 𝐵                             B、 (𝐴 ⊕ 𝐵) ∪ (𝐴 ⊕ 𝐶) = 𝐴 ∪ 𝐵 ∪ 𝐶 

C、 𝐴 ⊕ 𝐵 = 𝐴 ⊕ 𝐵                             D、 𝐴 ∩ (𝐵 ⊕ 𝐶) = (𝐴 ∩ 𝐵) ⊕ (𝐴 ∩ 𝐶) 

1.7 Let 𝑅, 𝑆 be two equivalence relation on a finite set 𝐴. Which conclusion is wrong?          [      ] 

A、𝑅 ∪ 𝑆  is a reflective relation   B、𝑅 ∪ 𝑆  is a symmetric relation  

C、𝑅 ∪ 𝑆  is a transitive relation  D、𝑅 ∩ 𝑆 is an equivalence relation 

1.8 Which tautological implication is wrong?                                                    [      ] 

A、(𝐴 → 𝐶) ∧ (𝐵 → 𝐶) ⇔ (𝐴 ∧ 𝐵) → 𝐶            B、 ¬ (𝐴 ↔ 𝐵) ⇔ (¬𝐴 ∧ 𝐵) ∨ (𝐴 ∧ ¬𝐵)  

C、 (𝐴 ↔ 𝐵) → (𝐴 ∧ 𝐵) ⇔ 𝐴 ∨ 𝐵                      D、 ¬ (𝐴 ↔ 𝐵) ⇔ (𝐴 ∨ 𝐵) ∧ (¬𝐴 ∨ ¬𝐵) 
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1.9 Which logic equivalence is wrong?                                                              [      ] 

A、∃𝑥𝐴(𝑥) → 𝐵 ⇔ ∃𝑥(𝐴(𝑥) → 𝐵)                      B、 ∃𝑥𝐴(𝑥) → 𝐵 ⇔ ∀𝑥(𝐴(𝑥) → 𝐵)  

C、𝐴 → ∃𝑥𝐵(𝑥) ⇔ ∃𝑥(𝐴 → 𝐵(𝑥))                      D、 𝐴 → ∀𝑥𝐵(𝑥) ⇔ ∀𝑥(𝐴 → 𝐵(𝑥)) 

1.10 Which logic equivalence is wrong?                                                                   [      ] 

A、¬∀𝑦∃𝑥𝐴(𝑥, 𝑦) ⇒ ¬∃𝑥∀𝑦𝐴(𝑥, 𝑦)                  B、 ¬∃𝑥∀𝑦𝐴(𝑥, 𝑦) ⇒ ¬∀𝑦∃𝑥𝐴(𝑥, 𝑦) 

C、 ∀𝑥∀𝑦𝐴(𝑥, 𝑦) ⇒ ∃𝑦∀𝑥𝐴(𝑥, 𝑦)                       D、∀𝑥∃𝑦𝐴(𝑥, 𝑦) ⇒ ∃𝑦∃𝑥𝐴(𝑥, 𝑦) 

1.11 Which tautological implication is wrong?                                                            [       ] 

A、 ∀𝑥൫𝐴(𝑥) → 𝐵(𝑥)൯ ⇒ ∀𝑥𝐴(𝑥) → ∃𝑥𝐵(𝑥)          B、∃𝑥𝐴(𝑥) → ∀𝑥𝐵(𝑥) ⇒ ∀𝑥൫𝐴(𝑥) → 𝐵(𝑥)൯ 

C、 ∀𝑥൫𝐴(𝑥) ↔ 𝐵(𝑥)൯ ⇒ ∃𝑥𝐴(𝑥) ↔ ∀𝑥𝐵(𝑥)         D、∀𝑥൫𝐴(𝑥) ↔ ¬𝐵(𝑥)൯ ⇒ ∀𝑥𝐴(𝑥) ↔ ¬∃𝑥𝐵(𝑥)  

1.12 Which predicate formula is not a prenex normal form?                                                             [         ] 

A、 ∀𝑥∀𝑦൫𝐴(𝑥) → 𝐵(𝑥, 𝑦, 𝑧)൯                                       B、∃𝑥∃𝑦൫𝐴(𝑥, 𝑦) ↔ 𝐵(𝑥, 𝑦, 𝑧)൯ 

C、  ∀𝑥∃𝑦¬൫𝑃(𝑥) → ¬𝑄(𝑥, 𝑦, 𝑧)൯                              D、  ∀𝑥∃𝑦൫𝑃(𝑥) → ∃𝑧¬𝑄(𝑥, 𝑦, 𝑧)൯  

1.13 Let 𝐺 be the graph of . Choose the graph type of 𝐺.                           [        ] 

A、 not strongly connected graph but unilaterally connected graph           B、 strongly connected graph 

C、 not unilaterally connected graph but weakly connected graph             D、 none of the above 

1.14  Let 𝑒 be an edge of 𝐾ହ, and let  𝐺ᇱ = 𝐾ହ − {𝑒}. Choose the graph type of 𝐺ᇱ.                    [        ] 

A、Eulerian graph         B、  semi-Eulerian graph           C、bipartite graph        D、Non-planar graph 

1.15  Choose the graph type of 𝐾଼.                                                                   [      ] 

A、Eulerian graph         B、  semi-Eulerian graph           C、bipartite graph        D、Non-planar graph 

 

Question 2: Multiple choice question (choose at least two items, fill the answer in bracket, 
2*10 score) 

 

2.1 The principle disjunctive normal form of (𝑃 → 𝑄) ↔ 𝑅 consists of         [                       ] 

A、𝑃 ∧ 𝑄 ∧ 𝑅          B、¬𝑃 ∧ 𝑄 ∧ 𝑅               C、𝑃 ∧ ¬𝑄 ∧ 𝑅               D、𝑃 ∧ 𝑄 ∧ ¬𝑅 

E、¬𝑃 ∧ ¬𝑄 ∧ 𝑅          F、¬𝑃 ∧ 𝑄 ∧ ¬𝑅             G、𝑃 ∧ ¬𝑄 ∧ ¬𝑅            H、¬𝑃 ∧ ¬𝑄 ∧ ¬𝑅 
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2.2 The principle disjunctive normal form of (𝑃 → ¬𝑄) ∨ഥ 𝑅 consists of         [                      ] 

A、𝑃 ∧ 𝑄 ∧ 𝑅          B、¬𝑃 ∧ 𝑄 ∧ 𝑅               C、𝑃 ∧ ¬𝑄 ∧ 𝑅               D、𝑃 ∧ 𝑄 ∧ ¬𝑅 

E、¬𝑃 ∧ ¬𝑄 ∧ 𝑅          F、¬𝑃 ∧ 𝑄 ∧ ¬𝑅             G、𝑃 ∧ ¬𝑄 ∧ ¬𝑅            H、¬𝑃 ∧ ¬𝑄 ∧ ¬𝑅 

2.3 The principle conjunctive normal form of ¬𝑄 ↔ (¬𝑃 ↔ 𝑅) consists of         [                  ] 

A、𝑃 ∨ 𝑄 ∨ 𝑅          B、¬𝑃 ∨ 𝑄 ∨ 𝑅               C、𝑃 ∨ ¬𝑄 ∨ 𝑅               D、𝑃 ∨ 𝑄 ∨ ¬𝑅 

E、¬𝑃 ∨ ¬𝑄 ∨ 𝑅          F、¬𝑃 ∨ 𝑄 ∨ ¬𝑅             G、 𝑃 ∨ ¬𝑄 ∨ ¬𝑅           H、¬𝑃 ∨ ¬𝑄 ∨ ¬𝑅 

2.4 The principle conjunctive normal form of  (¬𝑃 → 𝑄) ∧ (𝑃 ↔ ¬𝑅) consists of    [                     ] 

A、𝑃 ∨ 𝑄 ∨ 𝑅          B、¬𝑃 ∨ 𝑄 ∨ 𝑅               C、𝑃 ∨ ¬𝑄 ∨ 𝑅               D、𝑃 ∨ 𝑄 ∨ ¬𝑅 

E、¬𝑃 ∨ ¬𝑄 ∨ 𝑅          F、¬𝑃 ∨ 𝑄 ∨ ¬𝑅             G、 𝑃 ∨ ¬𝑄 ∨ ¬𝑅           H、¬𝑃 ∨ ¬𝑄 ∨ ¬𝑅 

2.5 Let R be a binary relation on ℤା defined by 𝑥𝑅𝑦 iff 4|(𝑥 + 𝑦) or 4|(𝑥 − 𝑦). Choose the relation 
types of R.  Note: 𝒙|𝒚 iff 𝒚 = 𝒌𝒙 for 𝒌 ∈ ℤ.                                   [                   ] 

A、reflexive       B、antireflexive         C、symmetric        D、antisymmetric        E、transitive 

2.6 Let R be a binary relation on ℤା defined by 𝑥𝑅𝑦 iff 3|(𝑥 ÷ 𝑦). Choose the relation types of R. 
                                                                                                                                                  [               ] 

A、reflexive       B、antireflexive         C、symmetric        D、antisymmetric        E、transitive 

2.7 Let G be an undirected graph, with vertex number 𝑣 and edge number 𝑒. Which are sufficient and 
necessary conditions such that G is a tree?                                                          [             ] 

A、G is connected and 𝑒 = 𝑣 − 1                            B、G is connected and has no circle 

C、G has no circle and 𝑒 = 𝑣 − 1                D、G is connected and has no bridge                    

2.8 Choose the graph type of                                      [                ] 

A、Hamiltonian graph                       B、Eulerian graph                            C、semi-Eulerian graph 

D、bipartite graph                              E、planar graph              F、non-planar graph 

2.9 Choose the graph type of 𝐾ସ,ହ                                                          [             ] 

A、Hamiltonian graph                      B、semi-Hamiltonian graph                    C、Eulerian graph  

D、semi-Eulerian graph           E、bipartite graph                     F、non-planar graph 

 

2.10 Which of the following graphs are semi-Hamiltonian graphs but not Hamiltonian graphs  [     ] 

A、𝐾ଶ,ଷ               B、𝐾ସ,ସ               C、𝐾ହ,ହ              D、𝐾ହ,଺               E、𝐾଺                 F、𝐾଺,଻ 
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Question 3: Judgement question (fill T (true) or F (false) in bracket, 1.5*10 score) 

3.1 For arbitrary two sets 𝐴, 𝐵, 𝑃(𝐴 − 𝐵) ≠ 𝑃(𝐴) − 𝑃(𝐵).                             [        ] 

3.2  For three sets 𝐴, 𝐵, 𝐶, if 𝐴 ⊆ 𝐵, 𝐵 ∈ 𝐶, then 𝐴 ⊆ 𝐶                                      [         ] 

3.3 Let 𝑅 be a binary relation on a finite set 𝐴 with |𝐴| = 5. 𝑅’s relation matrix is  

⎣
⎢
⎢
⎢
⎡
0 1 1 0 1
0 1 1 0 1
0 0 0 0 0
0 0 0 0 1
0 0 1 0 0⎦

⎥
⎥
⎥
⎤

 . 

Then 𝑅 is a transitive relation on 𝐴.                                                               [         ] 

3.4  Let 𝑅 be a binary relation on ℤା defined by 𝑥𝑅𝑦 iff 𝑥 + 5𝑦 = 22. Then 𝑅 is transitive. [          ] 

3.5  For proposition formulae 𝐴, 𝐵, (𝐴 ↔ 𝐵) → (𝐴 ∧ 𝐵) ⇔ 𝐴 ∨ 𝐵                                 [          ] 

3.6  For propositional formulae, 𝑃, 𝐴, 𝐵, if 𝐴 ⇒ 𝐵, then   ¬𝑃 ∨ 𝐴 ⇒ ¬𝑃 ∨ 𝐵                    [          ] 

3.7  For proposition functions 𝐴(𝑥), 𝐵(𝑥), ∃𝑥൫𝐴(𝑥) → 𝐵(𝑥)൯ ⇒ ∃𝑥𝐴(𝑥) → ∀𝑥𝐵(𝑥)         [         ] 

3.8  Let 𝐺 be a simple bipartite graph and denote 𝑣, 𝑒 to be the number of vertices, edges of 𝐺.  

Suppose 𝑣 is odd, then 𝑒 ≤
ଵ

ସ
(𝑣ଶ − 1)                                                                                  [            ] 

3.9 Hamiltonian graph must be a connected graph.                                              [         ] 

3.10 Let 𝐺 be an n-order undirected simple graph. Suppose deg(𝑥) + deg(𝑦) ≥ 𝑛 − 1 holds for any 

two vertices 𝑥 ≠ 𝑦 of  𝐺. Then 𝐺 is a semi-Hamiltonian graph.                                       [          ] 

 

Question 4: fill-in-the-blank question (35 score in total) 

4.1 (2.5’) The prenex normal form of ¬∀𝑥𝑃(𝑥) → ¬∃𝑦𝑄(𝑥, 𝑦) is                                        . 

4.2 (2.5’) The prenex normal form of ∃𝑥𝑃(𝑥) ↔ ∃𝑥𝑄(𝑥) is                                                  . 

4.3 (3’) Let 𝑅 be the divide relation on 𝐴 = {2,4,6,8,10,12}, i.e., 𝑥𝑅𝑦 iff 𝑥|𝑦 (i.e., 𝑦 = 𝑘𝑥 for 𝑘 ∈ ℤ). 

Then the greatest element of the poset (𝐴, 𝑅) is         , the least element of the poset (𝐴, 𝑅) is             . 

The maximal elements of the poset (𝐴, 𝑅) are             , the minimal elements of the poset (𝐴, 𝑅) are       . 

4.4 (3’) Let 𝑅 be a binary relation on 𝐴 = {1, … ,17,18} (that is, 𝐴 is the set of all positive integers ≤18) 

defined by  𝑥𝑅𝑦  iff 𝑥 × 𝑦  is a square number (i.e., 1,4,9,16,25,36,49, … ). So 𝑅  is an equivalence 

relation on 𝐴. Then [1]ோ =                 . The cardinality of the quotient set 𝐴/𝑅 is              . 

Obtained 
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4.5 (3’)  Let 𝐴 be a set with |𝐴| = 3. Let 𝑅 be the set of all symmetric relations on 𝐴, and let 𝑆 be the 

set of all reflexive relations on 𝐴. Then  |𝑅 − 𝑆| =                   . 

4.6 (3’)  Let 𝐴 be a set with |𝐴| = 4. Let 𝑅 be the set of all symmetric relations on 𝐴, and let 𝑆 be the 

set of all antisymmetric relations on 𝐴. Then  |𝑅 ∩ 𝑆| =                . 

4.7 (3’)  Let 𝐴 = {1,2,3,4,5,6,7,8}  be a set, and let 𝑅  be a binary relation on  𝐴 × 𝐴  defined by 

(𝑎, 𝑏)𝑅(𝑐, 𝑑)  iff 𝑎 + 𝑑 = 𝑏 + 𝑐, ∀(𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝐴 × 𝐴 . Then 𝑅  is an equivalence relation, and 

[(2,6)]ோ =                                            . 

4.8 (3’) Let 𝐺 be an undirected semi-Eulerian graph with 10 edges. Suppose that 𝐺 has three 2-degree 

vertices and two 4-degree vertices, and the other vertices have odd degrees. Write down all possible 

combination of number of odd-degree vertices of 𝐺:                                                                           . 

(For example, Case1: one 1-degree and two 3-degree; Case2: two 3-degree and three 5-degree, etc.) 

4.9 (3’) After we delete at least               vertices from 𝐾ହ,଻, it becomes a graph which is both a Eulerian 

graph and a Hamiltonian graph. 

4.10 (3’) Let G be a tournament whose vertex-set is {𝑣ଵ, 𝑣ଶ, … , 𝑣௡}. Then 

 ∑
௡

 
௜ୀଵ

(degା(𝑣௜) − 𝑛)ଶ − ∑
௡

 
௜ୀଵ

(degି(𝑣௜) + 𝑛)ଶ =                                             . 

4.11 (3’) Let 𝑒 be an edge of 𝐾ଶ,ଶ, and let  𝐺ᇱ = 𝐾ଶ,ଶ − {𝑒}. Then 𝐺ᇱ contains                bridges.  

4.12 (3’) Let 𝑇 be an undirected tree with two 2-degree vertices, three 3-degree vertices, and four 4-

degree vertices. Suppose the degree of each vertex of 𝑇 is no greater than 4. Then 𝑇 has            leaves. 

 


